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0 X<0 0 Xx<0

. X =0 NTIPI2 DMNYS NI 5 NORWI MPNPNON DND 7172 (10

Ix+1 x>-1

F(x)=11 :TPIPNON NN (11
—+a x<-1
X

TX=—1 NTIPIA NN MMIEPNAN a AP DV TIY NN MY N
DND NN NITHIN 9 DY PITA /X PYDI NODPY a-n Ty Ny .2

X=—1 TP NP NN NISPNN
M NTIPIA PIUN DMP ONN

SV HH52 WHNWND NOIN DN NT PIsa *
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8 P19 wal NP OY M - NRNN NITIN

NTIPIA NI NNIN PPN b =) a DWNIAPN DY DY DR NIAY KXY (12
In*x O<x<e
f(x)= { 99NN
ax+b x>e
DTN TNAY NNON DIV ,ION DYDY N2y

NTIPIA NI NNIN PPN b -1 a OIYIAPN DY DIIIY VN NIV RN (13
e’ 0<x<1

{ax +b  x>1

NN Y NNON DIV ,ION DY NAY

: 990N

s .1
x‘sin=+4x x<0
Cf(x) = X (TPNPNON NN (14

pxX+q x>0
(NN TOISPNON g -) P DOWIAPN DY DYDY IDIN NIAY Yap
M NN N

(%) =[x* =x* +sin(10x) -1 - P¥pPNon My, f'(0) MX2WN (15

(TPNPNON NNNI (16
0 XeQ

AUNN X DD NP RD MINPNINY NN

.f(x):{ |coszx| xeQ

(05w 799n) NN

,INY2 9ITHIN DHYN 190NN DX X OWNN 1901 535 Nnn [X] obwn 7ivn nrspns
4.1 =4 ,[-4.1]=-5 :5vn5 .(NVn 355 NYIYN) X -9 MY IR YOPY

F(X) =[X]-[=x] mspnan nm (17
. F'(x) axawn

. F(x) =[x]sin(zx) MNPNAN NN (18
Annra Yy (X)) nXavn

£ (x) =[x](1-cos(zx)) NP¥PNAN NN (19
(X)) PN awn

119 wWwWw.GooL.co.il 9NN 102 INT 1IVIDA XON NINSY
© NSO N — NN aNd



8 P19 val NP OY M - NRNN NITIN

,x 999 | f (%)) <X mo»pnn m3pne 2N f oxw NN (20
x=0-27Pn f X

X, =0-2171987 78PN fonn (21
.f(0)=0 DX PN ON %, =0-2 1P z(x) =|x| f (x) M¥PNON 2D NN

X, € R D% NNDN N22202 MITHIND NPIPNA NV g-) f pimd (22
: 779N N NN
(%) =0, (%)) F(x)=9(x) DX .X
f(x) x<X,

YTY DY NVTINN , Z INPNON IN
g(x) X=X,

X2 N, 2(X) ={

y(R-2107PND g R->R- x,-2anPNN f:R>R ON .2
RAADPVRMPN go f AN

SV NNDN N22202 NN NP X,-2 PN NPT g ONX )
X2 PPN NP Fog 2N, g(X) -2 120 NI g(X,)

.DYDOY0N P2 IVP PN NN

R mYTHIMN DRSNS g- fondnn (23
X>Y 9397 , R -2 NN PPN NN ¢ -Y PN
-1 =9(X+yj N
X—Yy 2
(X)) =g(x) o»pnnovnn x D5, R-2 013 f > nom
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8 P19 Gwl NP OY M - NRNN NITIN

NOYD Mvn

f'(x)={2X+8 X>2 @

3x? X< 2
2X—4 X>2
f'(x)= 2
(x) {3X2 X <2 (
2X-=5 X>2
f'(x)= 3
(x) {3X2 X<2 ¢
f() 2X+8 X>2 @
X)=
3x? X< 2
2
-0.5 0
f'(x)=<1+2x T s

2X+2 x>0
f'(x)=4(x>1) , f'(x)=-4(x<1) (6
f'(x)=8x(x=0) , f'(x)=4x(x<0) (7

.11 1
SIn———C0S— x>0

f(x)= X X X (8
0 x<0
1 1
f(x)= 2xsm;—cos; x>0 ©
0 x<0

.X=0 NTIPI2 OM”NYI NP NRD (10

VN DR R NPVIND A a=1.N (11
§Inzx O<x<e
f'(x)= ;‘ a=3/e b=-2 (12
= X>e
e

{e O<xx<l1 a—e b=0 (13

e x>1

g=0,p=4 2 q=0.x (14

-10 (15
NOYN (16
0 X¢&Z
f'(x) = 17
) {undefined XeZ (
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8 P19 Gwl NP OY M - NRNN NITIN

() = {[x] cos(rxX)zr XeZ (18

undefined xeZ

[x]sin;rx X¢eZ
f'(x)=<0 xeZ, xeven (19
undefined XeZ, xodd
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191N

NXPNa 2w N1 vwn - 9 1A

01Myn 101N

(00 N NN OS5 .1
1 7NN YY1 SN .2
(OO NDD) DD Y95 DXAD DYNIN .3
L7 7NIND NP 4
12 nNIVIYN 995 .5
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2919 GWL TPNPNA DY NI IWON

NN 2221 2N

MHNY

:(MIYNIN NN NN P RN 35-27 MONWI) NININ NPNPNON NN DPNHYI N

2x° x? —5x+6 X2 +2Xx+4
fX)=—= B fX)=—"F"-— (2 fX)=— (@
9 (x+1)? ) 2x+10 ( 9 2X (

x+1)’ x® X3

f(x)=| — 6 f(X)=———= (5 f(x)= 4
-2 e = (0=

Inx In x
f(X)=x-Inx (9 fX)=—%= (8 f(x)=— (7
(X) (X) X (X) . (
f(X)=In*x+2Inx-32 (12 f(x)=In ZL (11 f(x)=x*-Inx (10

\/ —X

1 1 2 1
f(X)=(x+2)-e* (15 fg=er ¢  FO=Inx+oo a3
f(x)=¥x"-1 @8 f)=3I¢ @7 f)=x-e2 (16
f(x)=cos(x*) (21 f(x) =sin(x’) (20 F)=Ix21=x) 9
f (x)=In(cosx?) (24 f(x)=tan(x?*) (23 f(x)=sin®x (22

f(x):(x+1)5inx @7 f(x)=arctan(x?) @6  f(x)=arcsin(2x+3) (25

y=x""" (30 f(x)=(cosx)"™ (29 f(x) =(sin x)x (28

N
y:(\/;+;j (33 y=x"* (32 y=3x (1
y = (x+1)(x+1) (35 y=(x +1)X (34

PNV MAND XD/ NN MITTOINY 1N 29-1 28 MONYA 1AM
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© PMMYD NN —INM 2ANd




9 P19 GWL IXPND HY NI 2N
NI MAIvn
f()_ ;,f(x)_ 1
2x? +20x—62 oy 448
T ey Y exrey €
oy X wor  A1—2X)
PO=tos T 0=y @
vy XC(XP=12) L, AX-(2%7 +24)
f(x)_—(x2—4)2 , (X)_—(X2_4)3 (4
v X(X+3) .o 6X
o= (x+1)° : (X)_(x+1)4 *
6(x+1) wron qn (XFD(X+3)
f'(x)= x_D)"’ f (x)_lz—(x_l)5 (6
f()_1 I2nx1 £ ()_Zlnx 3 7
=25 =20
f'(x)=Inx+1, f"(x):% 9
f'(X)=x(2Inx+1), f"(x)=2Inx+3 (10
f'(x)= f'"(x)= L (11
S 2(2-x%)° (4-2x)?
f(x)_—(lnx+1) Fr) = 2MX
f,(x):g{uL)“s—l} f,,(X)2_%{(Inx)5—(Inx)“A—(Inx)—s} a3
x| (Inx) X (Inx)
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2919 GWL TPNPNA DY NI IWON

14

-~

f '(X) = e% .(_izj’ f "(X) _ e% £1+42Xj
X X

/g2 _y_ 1
f'(x)=e*(x—§2j, f"(x)=ex[5xf2] 1
X X

-~

f(x) =2 (1-4x2), f"(x)=-4xe 2 (3-4x>) (16

2 2
f'(x)= , F'(x)=- (17
(x) 3.3 (x) 0.
1.
-——x"-1
2X 2 3
f'X)=——7—=, T"X)==—"—= (18
e o A e e
2-5x% 2 1+5x
f'(x)= , F')=——=- (19
)= T 0=—5

f'(x) =cos(x®)-3x*, f"(x)=-9x"sin(x®)+6x-cos(x’®) (20
f'(x) =—sin(x*)-4x3, f"(x)=-16x°cos(x*)—12x?-sin(x*) (21

f'(x) =3sin® x-cosx, f"(X)=6sinxcos*x—3sin’x (22

2X 2-c0s”(x*) —8x? cos(x*) sin(x?
=2, fr() = 2008 (X)X )sin(X) -y
cos“(x°) cos”(x%)
f'(x) =tan(x*)-(-2x), f"(x) :i—Ztan(xz) (24
cos?(x%)
4(2x+3
P =2, £ =) g
1-(2x+3) (1-(2x+3)’)
_ 4
i = 2 ) =20 26
1+x (1+x4)
£ 1(x) = xSINX (cosx-ln(x +1)+ﬂj 27
x+1
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2919 Gml TPNPNA DY NI IWON

f*(x) =(sin x)X (In(sinx)+cotx-x) (28

X

' Inx(ZInX)
y'=x"|——| (30
X

Yy =xX (1-Inx) (31

f '(x) = (cos x)"" '(In(cos %) _tan x-In x) (29

y':i-xﬁ(ln—xﬂ (32

o df ) el 1)

. o 1
y'=(x*+1) (1 |n(x2+1)+x2+1 2x-X | (34

x+1

y':(x+1 [In x+1)+1] (35
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2919 GWL TPNPNA DY NI IWON

NN NN

MHNY

X4y’ —1=1 :nnmon YPMON AN P (1

AInx+10Iny = y? :mINoN PN DN I (2

X+ \N =Xy DN PN AN (3

(3,4) nmpaa, x* +y? =25 9905 Punn NNYN INKID (4

L Xy + Y — X=Xy IDINON MSPNON GNY PIUNN ,IWON INNWHD NN KD (5
(11) ampan 17

2_
X2y +eV T = In X +1 mInon MNPNON 9NY PHUNN WD INNWND IR K8D (6

PSPNON 9N Yy nnsmn , (1,2) nmpan 717

,«/xy +y + X2y = Xy IOINDN PPNAN GNY PIUNN WD INNUN NN RSN (7

SPNON 9N Yy nnsmn , (1,2) nmpn 717

2
€Y 4y = yZ —1 NOIMDN PPN 9T POUNN TN INNUN NN NS (8

PSPNN 90 DY NIRYMIN ,(0, 2) NTPIN TIT

X+ y-eY =Xy + X5 mmon mspnon M (9
.Y =0 102,78P2190 99 5y MTIPIN NN K¥D X

MYTIPIA,TPSPNON G HY DIPIWNN DI INNWN NN NS .2
N PYDI INSNY

XY =xy =10 : nmnon mxpNoN IR M (10
X =y =1 nmnon mspnen N N (11

XY =Y 4+ x5 —x=0 nomo my¥pn M (12

y=1mnmpa y" 7y NN xen
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2919 th TPNPNA DY NI IWON

N(y)—x+1=2x°+4e” + 2y nxnwnpn ™ pm (13
X Y NOIND PN Y = Y (X) NN AT
T M1 7w h(y) 1

PN DTV Y(X) 12179990

OO Mvn

—2X
5y4_1¢0, y':5y4—1 (1
10 X
——2y¢0, yl:lo—x (2
y
-1 2y
J};to, «/;;tl, ':\/y . (3
YT 1ok
3 25
= Zx+= @
y==2%+7 (
1 1
—ZX+= (5
y 2 2 (
1 4
==x+1- (6
y 5 5 (
1 5
=—x+1—- (7
y 5 6 (
y:%x+2 (8
Y =X=1:Mun NRNWNN , Y =—X : DY PN HPURIA .2 (0,0), (1,0).x (9
y-x'-Y
x - Inx-=x=0, y=—X (10
x?-Inx—Xx
X —x’ y+yx-lny
X Inx—y*-=#0, y'= X —
y X Inx—y*- =
y
-1 (12

NN NONY (13
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2919 GwL TPNPNA DY NI IWON

navavn 2?22

MHNY

. £'(4)=10 no»pnn, f(x) mspnommm (1
-9(x)= f(X*) :nwmn My P

.9'(2) nxawn

£'(2)=4 noopon, f(X) mspnonm (2
1
g(x)=f (;J S NUTN TPNPN TN
.9'(0.5) nnawn N

DT g oo .avy foroqompm a2

F'(1)=e noopnn, f(x) mypnamm (3
-g(x)=x*+ f (Inx) :neTn N8P0 P

.g'(e) mxawn N
X=8€ NTP1a Ny g mEpnony NN .2

lim g(e+h)_g(e)

. SN NN VYN L)
h—0

F'M)=e, f(1)=-2 noopnn, f(x) mspnonm (4
.g(x)=f2(InXx) :nwTN MIEN9 P
.g'(e) mnawn N
IX=€ NTIPI,NTIMINNOW § OND .2

1 g Sy ISy .o e oo
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2919 GWL TPNPNA DY NI IWON

Jarm T, f(X) mspnamm (5

-9 (x) =/ (X*)+4 nwTn mypns >

12) DXNANN N
X920y g N

X 90nT™ g a2
X>099n0w g o

X>0950 01 g T

fz(J_)—l
i)

.0'(100) awn . f(10) = f'(10) =4 »> »y1

1(2)rs
()

g'@avn. fT@=1, f'Q=4 oy

.g(x) = MNPNIN M (6

.g(x) = IpPNAN MM (7

ISPNON NN (8

~ f%(Inx)
’goo_'fﬂnx)+l
9') awn. F(0)=2, F'(0)=1romm

9= flo(jx)+l
f(j+1
X

g'@avn.f(4)=1, f'(4)=2»y7

IXPNAN M (9

4 f7(x?
.g(X) =——<= mxpmannnm (10
f(x*)

Q'@ an. f@Q=1, f'Q=4»yr
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2919 Gwl TPNPNA DY NI IWON

PYD MAIVN

40 (1
Kalamaa s -16 8 (2
2e+1 . .INOMN A 2e+1 N8 (3
9'(x)<0 . DT 2 AN @
T (5
17
— (6
80
36 (7
8
— (8
9
4 9
-2 (10

131 www.GooL.co.il INND 191271 INT 2107102 N NN
© PMMYD NN —INM 2ANd




9 P9 Gwl NPNY HY NI VN
NMNMA2 N
MONY
:ININ NPXPNAN NN N

10x-1 7
=4 ’—-1,0/ 2x+1 (1

y x+1 ( )
y=(410x+1)" @

(x+ 2)""".(5x+6)

~ (7x+8)-(9x+10)
NI MAIVN
y-:y[z PP SP S S

410x-1 10 2x+1 4 x+1 |

1\ g o] 1 1
"= (10x+1)4 | -=|2"-In2-In(10x+1)+ -10-2* (2

y [( ) ) 4{ ( ) 10x+1

{3-In(x+2)+i(3x+4)+ 1 5— 1 .. 1 9 (3

X+2 5X+6 7X+8 9x+10 |
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10 P99 Gwl .., ININAN 90N NN - MNRNYNH

NNIIYN 2¥ NINNan 1avn NX2Xn

MHNY
STAN PN PPTA W §-1 MONYI MRNVNOIY NN

X +4x—-1=0 (1
x*=—Inx (2
x—025sinx=7 (3

—4x* +21x* —48x+28=0 (4

b <3ac M PN ,ax’ +bx’ +cx+d =0 IRNWVRN M (5
SIN2IVN DX NN INRNWNN DY NININN 190N 1NN

:IMIN NN MNINN 90N NN XYM ,9=6 MNNVNNN NNX DD NIY

e=x (6
arctanx—x=0 (7

1n(x+5)—4:x (8
x> +xsinx=1-cosx (9

S(x)<E, £(0)=1, £(1)=2 :10»P0nn, x 930 NP0 SPND £ NN (10
INRNIND PYTAY f(x)+sinx =4x INNWNHOW NN

;NN NV PYTA YW 13-11 MONWA MNNVNOY NOIN

]
1+4x* =8x° (13 4x3+5x—;=0 (12 e —5x=0 (11
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10 P99 GWL .., ININAN 90N NN - MNRNYNH

P MXNWNIY TN DY ,D>I0N079N P WP RN ,17-14 MNNWNHIN NNN 952
- (DONN DXNY DMVNIAN YW MIN) TAN PING PTa

ax® +bx+c=0 (18

3 2 _
ax’ +bx“ +cx+d =0 (15
x+acos(bx)=1 (16

(n >4, odd) ax +hx" 2 rex™ —d=0 (17

INPN DD TNN PIND MNAY ¥ x° +x° +5x =1 IRNWNOW NN (18

STRN PN
277 LAYN YIDY TIN NN TOY 1T NONRY : NN
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10 P99 Gwl .., ININAN 90N NN - MNRNYNH

YD MAIVN

NN NONY - (1
NN TONY - (2
NN TONRY - (3
NN TONY - (4
PN (S
x=1 (6

x=0 (7

x=—4 (8

x=0 (9

N3N NONY (10
NN NONY (11
NN NONY (12
NN NONY (13
b*—4ac=0 (14
4p* —12ac <0 (15

i<—1,i>1 (16
ab ab

b? (n - 2)2 —4anc(n —4) <0 (17
DN NONY (18

WWW.G00L.co.1l 9NN 103N INT MIVIDA XYN PIIND
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10 P9

Gwl .., ININAN 90N NN - MNRNYNH

NN NINNYN NNNAa

mMYNY

:3=1 MONWYA DMIONN DI1IVN NN YNNIY NN TY DNNY

3_ 2 _
X —X"+x-1 a
x-1
4x* +6x3 +31x% +99x+10
x? —x+10

(2

4x* +x-1

(3
X—2

: MININ MXRNYND DX NS
k*+3k®—15k*-19k +30=0 (4

k®+2k®*-3k+20=0 (5

k®+3k*+2k®—2k*-3k-1=0 (6

k®-6k’+12k-8=0 (7

k®—3k*+3k*-1=0 (8

k®-k?’+k-1=0 (9

k*—-3k®+6k?>-12k+8=0 (10

7x*—33x* +21x+61=0 (11
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10 P99 Gwl .., ININAN 90N NN - MNRNYNH

NOYD Mvn

x*+1 (1
0 (2

4x+9+£2 (3

X_
k=1 k,=-2, k=3 k,=-5 (4
Kk =—4, k,=1+2i (5

k=1 k=-1 k=-1 k,=-1, k,=—1 (6
k=2 k=2 k=2 (7

k=1 k,=-1 k=1 k,=-1 k=1 k,=—1 (8
k=1 Kky,==+i (9

k=1 k=2, k,,=+2i (10

.x=0.8459: 2Mpn NN (11
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10 P19 Gwl .., ININAN 90N NN - MNRNYNH

NINNIYN 2V 2PN 1NNAa? npal-nvim nuvw

mMYNY

: (]199'\']1\31’3 no vl 2 TI'JNW) PINID MINXNYNON OIN NS
1+4x* =8x> (@1

—Ax3 +21x* —48x+28=0 (2

YD Mvn

X==1 Prmpimns (1
.x=0.5576, x=1.9672 : 02PN MNINS (2
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1179 GOOL L NY 91 YW YN TN M0own

211 vavn

MHNY

VAYN MNIN NN NPMPN NN YOPA f(X) ,NHININ MIPNON DN P17 (1
917 VOVYN MPODN NN DMIMPNRN € IIIY DI NN KM 9

f (x)=x°—3x"+2x [0,2] &
x? -1
f = -1,1| .2
(=22 [y

1
f(x)= U (2
f(c)=0-v T3, c NP PN N, (1) = f(5)-v NxIN
.1 1917 VAVYN NN IMD 27N DN

,R-20"0y3 N dspna f onn (3
(%) =)= (%) 1Y, X, X, X, ,NY MTIPI WVIDY MN»PY NI
.f"(c)=0-w T2 pwnn ¢ DOPY NN

Oy 3Ny f:(0) >R >N (4

A (lj =0 D»PNN YAV n OOV NM)
n

. F"(%)=0-v 75, %, €(0,1) nn»pv NN

DMV 3n% fi[abl]>R >N (5
.f(a)=f(b) = f'(@) = f(b) =0 D»pPNNY N
INa Y fU(x) =0 NNNWNOY NININ

oY NP FIRSR NP (6
X, =272 TPOIPH DIH NTIPI NY WY IR MIPNS f 12 qoNa P
NDANNN 7IUN NN N2 MNY MTIPI AW W 5D NN
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Convergence of a Sequence, Monotone Sequences
(NM1TO)

Questions

1) Let A be a non-empty subset of R and « =inf A. Show that there exists a
sequence (a,) suchthatan a, e Aforall neN and a, >« .

2) Letx, Q. Show that there exists a sequence (X,) of irrational numbers such

that x, = X, .

3) Let A beanon-empty subset of R and x, € R. Show that there exists a sequence

(a,) in Asuch that |x, —a,| —d(x,, A). Recall that d(x, A) =inf{|x—al:ae Al

4) Let (a,) be a bounded sequence. For every ne N, define x, =sup{a, :k <n}.

Show that the sequence (x,) converges.

Cauchy Criterion, Bolzano - Weierstrass Theorem

5) Let (x,) be asequence of integers such that |x,,, —x,|>1 forall neN.

Prove or disprove the following statements.
a) The sequence (x,) does not satisfy the Cauchy criterion.

b) The sequence (X,) cannot have a convergent subsequence.

6) Show that a sequence (x,) of real numbers has no convergent subsequence

if and only if |x,| —> oo.

7) Let (x,) beasequencein R andXx, € R. Suppose that every subsequence of
(x,) has a subsequence converging to x,. Show that x, — X, .
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8) Let (x,) beasequencein R . We say that a positive integer n is a peak of the
sequence if m>n implies x, > x_ (i.e., if x is greater than every subsequent

term in the sequence).
a) If (x,) has infinitely many peaks, show that it has a decreasing

subsequence.
b) If (x,) has only finitely many peaks, show that it has an increasing

subsequence.

c) From (a) and (b) conclude that every sequence in R has a monotone
subsequence. Further, every bounded sequence in R has a convergent
subsequence (An alternate proof of Bolzano-Weierstrass Theorem).
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Continuity and Limits (maxm m212x)

Questions

1) Let lim-52=5. Show that lim~2=0.

2) Let f:R—R and x, € R. Suppose lim f(x) exists.

Show that Iirrg f(X+X,)=lim f(x).

3) Let f(x)=|x| forevery xeRR.Show that f iscontinuouson R.

4) Let f:[0,7] >R bedefinedby f(0)=0 and f(x)=xsini—21cosi for x=0.

Is f continuous?

5) Let [-] denote the integer part function and f :[0,0) - R be defined by
f(X) =[x*]sin7x.
a) Show that f iscontinuous at each X # Jn, neN. [Here N includes 0]
b) Show that f is continuous at each x=k e N..

c) Show that f is discontinuous at each x = Jn, neN such that x ¢ N.

6) Letthe function f :[0,1] — [a,b] be one-one and onto. Suppose f is continuous.
Show that f ™ is also continuous.

7) Let f:(0,1) > R be given by

L ifx=2 where p,q e N and p,q have no common factor
f (X) —J4a q

0 ifx isirrational

a) Suppose x, — x, for some Xx,, with x = x forall neN, and suppose

X, = g—n €(0,1) where p,,q, € N have no common factors. Show that

n

limg, =oo.

n—oo

b) Show that f is continuous at every irrational.
c) Show that f is discontinuous at every rational.
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Existence of Extrema, Intermediate Value Property
(oxLYAIM vawvn 012N )Y vavn)

Questions

1)

2)

3)

4)

5)

6)

7)

8)

9)

Give an example of a function f on [0,1] which is not continuous but satisfies the
IVP". "We say that f has the property IVP [Intermediate \Value Property] on [a,b] if
for every x,y €[a,b] and « satisfying f(x)<a < f(y) or f(x)>a> f(y) there
exists x, €[x,y], such that f(x,)=«.

Let f :[0,1] > R be continuous. Show that there exists an X, [0,1] such that
Fo) =4 f )+ D+ @]

Let f :R — R be a continuous function. Show that f is a constant function if
a) f(x) isrational for each xeR.
b) f(x) isan integer foreach x€ Q.

Let p(x):R — R be a polynomial function of odd degree. Show that p is onto.

Let f,g:[0,1] - R be continuous such that
inf{f (x):xe[0,1]}=inf{g(x): x [0,1]}.
Show that there exists x, €[0,1] such that f(x;)=9g(x,) .

A cross country runner runs continuously an eight kilometers course in 40
minutes without taking rest. Show that, somewhere along the course, the runner
must have covered a distance of one kilometer in exactly 5 minutes.

Let f :R — R be a continuous one-one map.
Show that f is either strictly increasing or strictly decreasing.

Let f :R —[0,%0) be a bijective map. Show that f is not continuous on R .

Let f :R — R be a continuous function.
a) Suppose f attains each of values exactly two times. Given:
f(x)=f(x,)=a forsome x,x,,a R, and f(x,)>ca for some
X, €[X,X,]. Show that f attains its maximum in [x, X,] exactly at one point.
b) Using (a) show that f cannot attain each of its values exactly two times.
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Differentiability and Rolle's Theorem
(711 vavn mnn)

Questions

1)

2)

3)

4)

5)

6)

7)

8)

Let f:(-1,2) > R be a twice differentiable function such that f"(0) >0.
Show that there exists ne N that f (%) =1.

Let f be a differentiable function on R such that f(0)=f(1)=0, f'(0)>0
and f'(1)>0.

a) Show that 36 >0 such that f(x)<0 on (1-9,1).

b) Show that 3c,,c, €(0,1) such that c, #c, and f'(c)) = f'(c,) =0.

Let f:(0,1) > R be thrice differentiable. Suppose f(%)=0 forall neN. Show
that there exists x, € (0,1) such that f"(x,)=0.

Give an example of a function f :R — R which is differentiable only at x =1.

Let f :R —> R be differentiable at X, € R.
a) If f(x,)=0, show that | f | is also differentiable at X, .
b) If f(x,)=0, give examples to show that | f| may or may not be

differentiable at X, .

Let f,g:R — R be differentiable at x, € R . Define
h(x) = max{ f (x), g(x)} VxeR. Show that if f(x,)#=g(x,) then h is

differentiable at X, .

Let f:R — R be differentiable at x=1 and f (1) =1. Show that if k e N then
!]ilpon[f(1+%)+ fl+2)+..+ f(1+%)—k:|=&;1) f'@).

Let f :[0,1] > R be differentiable and f(0)=0 and f(1)=1.
Show that the equation f'(x) =2x has a solution on (0,1) .
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9) Let f:[a,b] > R besuchthat f"(x) exists forall xe[a,b].
Suppose that f(a)= f(b)=f'(a)= f'(b) =0.
Show that the equation f"(x) =0 has a solution.

10) Let f,g:R — R be differentiable functions. Suppose that
vxeR, f'(x)g(x)= f(x)g'(x) . Show that between any two roots of f , there
exists at least one root” of .
“Recall: a root of f isa solution of f(x)=0.

11) Let f :(0,0) > R satisfy f(xy)= f(xX)+ f(y) VX,ye(0,).
Suppose that f is differentiable at x =1.

Show that f is differentiable at every x e (0,) and f'(x) =%.

Hint: first show that f(1)=0 and f(3)=f(x)—f(y).

12) Let p(x) =a+bx+cx’. Find all values of a,b,c e R for which the function
p(|x[) is differentiable at 0.
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Mean Value Theorem, L'Hopital's Rule
(Va2 2201 'TAakA? vawn)

Questions

1)

2)

3)

Does there exist a differentiable function f :[0,2] > R satisfying
f(0)=-1 f(2)=4and f'(x)<2,forall xe[0,2]?

Let f:[0,1] — R be differentiable such that | f'(x)| <1 forall xe[0,1].
Show that there exists at most one € €[0,1] such that f(c)=c.

Let f: R — R be differentiable such that for some az € R, | f'(X)| < <1
forall XeR. Let & € R and define a sequence (a,) recursively by
a,,, = f(a,).Show that (a,) converges.

4) Let f:[0,1] > R be twice differentiable.
Suppose that the line segment joining the points
(0, f(0)) and (1, f (1)) intersect the graph of
f atapoint (a, f(a)), where O<a<1. :
Show that there exists X, € [0,1] such that | \/
(%) =0.

5) Let f:[0,1] > R be continuous. Suppose f is differentiable on (0,1) and
lim f'(x) =L forsome L € R. Show that f'(0) existsand f'(0)=L.
x—0"

6) Let f:[0,1] > R be differentiable and f (0) =0. Suppose that
| f'(x)| <| f ()| forall x[0,1]. Show that f(x)=0 forall x<[0,1].

7) Let f :[0,00) > R be continuous and f (0) =0. Suppose that f'(x) exists
forall X € (0,00) and f' isincreasing on (0,0). Show that the function
9(x) =™ is increasing on (0,0).
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8) Leta>0andf:[a,b] >R be differentiable. Using Cauchy’s mean value

f'(c) _ f'(c,)
-2,

theorem™, show that there exist C;,C, € (a,b) such that

JT®)-f@ _fo)

., a<c<b
g(b)-g@ g'(c)

9) Let f:R— IR besuchthat f"(c) exists at some C € R. Using L'Hopital’s

rule, show that Ihlng fc+h)-2 LEC) + f(c—-h)

= f"(c) . Give an example

where the above limit exists but f”(c) does not exist.

10) Let f :[a,b] > R be differentiable. If f'(x) =0 forall X €[a,b], show that
either T'(xX) >0 Vxe[a,b] or f'(x) <0 Vxe[a,b].

11) Let f :[a,b] > R be differentiable and let & € R be such that
f'(a) <a < f'(b). Define g(x) = f (X) —ax forall Xe[a,b].
a) Show that there exists C €[a,b] such that g'(c) =0.
Hint: prove by contradiction, noting that g’(a) <0 and g'(b) <O.
b) From the above, conclude that if a function f is differentiable on an
interval [@,b], then ' has the Intermediate Value Property on [a,b].

12) Let f be differentiable on [a,b] (2 <Db). Show that there exist
C,,C,,C; € (a,b) such that c, = ¢, and f'(c,)+ f'(c;)=2f'(c).

13) Suppose f :[0,1] — R is continuous and Jj f()dt =1.

a) Show that there exists C € (0,1) such that f(c)=1.
b) Show that there exist ¢, #c, in (0,1) suchthat f(c,)+ f(c,)=2.

14) Let f :[0,1] > R be such that ‘f’(x)‘ <10 forall x€(0,1) and let (x,) be
a sequence in (0,1) satisfying the Cauchy criterion. Show that the sequence

(f(x,)) converges.
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15) Let f :[0,1] —[0,1] be such that f'(x) <0 forall X €[0,1]. Show that there
is one and only one € €[0,1] such that f (C) =c?.

16) Let f:[0,]] >R and &, = f(%)— f (ﬁ), n=12,...
Show that:

a) if f iscontinuous, then Z:Zlan converges;

b) if f isdifferentiable and | f'(X)| <1 ¥x &[0,1], then

Z;an (cosn)+/n converges.
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Power Series, Taylor Series (m2»v v mprn M)

Questions

1) Answer the following sections:
a) Let f:[a,b] >R besuchthat f"(x)>0 forall Xxe[a,b].

Suppose X, €[a,b].

Show that for any X €[a,b] f(X)> f(x,)+ f'(X,)(X—X,)-

l.e., the graph of f lies above the tangent line to the graph at (X,, f (X,)).
b) Show that COSY —COSX > (X—Y)sinX forall x,y e[Z,%].

2) Let f:(a,b) > R be infinitely differentiable and let X, € (@,b). Suppose that
there exists M > 0 such that ‘ f‘”)(x)‘ <M"forall neN and x €(a,b).

Show that Taylor’s series of f around X, convergesto f(X) forall X €(a,b).

3) Let (a,) be asequence of nonnegative reals and suppose that (an%) isa

bounded sequence. For each n, define A, :SUp{ak% ‘k>n}.
(A,) converges since it is decreasing and bounded below (by 0).
So A, —> L forsome L>0.

a) Show that if L <1, the series Z;an converges and if L >1 the series

diverges.

. . o0 1
b) Show that the radius of convergence of the power series anlanxn § E
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16 P19 GWL ..DYTIDN DOVIVNN ,NPIIINVIN

.Xe [0,1] 599
: jol f,(x)dx = J’: f,(X)dx=1 121 nP22M0PN f,-) f 2 Mn

1
. jo f(X)dx NN N2 ANOPX D NN

N22271V1N
MINY
MON MIPN f:[a,b] >R ONn (1
L(P,f)=U(P, f)-wT2,[a,b] 5¥ P NpoN nn»pw ndd)
AP IPNS f-w NN
, T OV NNNNM 11OYN HNDVINRN NN TIVND ,0ONIN OIPHRNIN TAX DD (2
T DU 570NN NN N¥MY 2NOPN f-W NININ
.xel[a,b] 935 f(x)=a ™Dy, f:[a,b] >R P, ceR 995 N
.%<xsl IWND f(x)=1- f(%):io ,0£x<% IwNd f(x)=0 2
xe[0,1] 935 f(x)=x .)
,NPON (P,) >nm nmon f:[a,b] >R Nn (3
U(P,f)-L(P,f)>0-vT>
JPD2AMOPN f -Y NN N
NimU (R, £)=limL(P, )= f (x)dx »3noM .2
127 1PIVP N HDANOVIN W NN, DINRIN DIPNIN TN D2 (4
J01]-a f(x)=x .
[0,1]-2 f(x)=x* 2
2] f(x)=1 .
X
f,(x)< f(x)<f,(x)-w 75,[0,1]-2a mmon nvspns f, f,, f v (5
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16 P19 G/WL ..DYTIDN DOVIVNN ,NPIIINVIN

PPN x 93 f(x)=x-w T2, f:[0,1] >R IpNo >IN (6
IIPIION X 93D f(x)=0
JOD2NOVINR NPNX O ARIM, f OV PRNNM 1IOYN DNVIRN NN TIVN

;NI PN MYTHIM, f:{0,1] >[0,1] >nn (7

DOMYN DPIM PN p,g-2, p,ge N IWUNI X = g #1 DN

1
f(x)=14
0 X=1)IW x=0INDIPYI-N x ON

A ={x €(0,1)] x=£} : N eN 995 83N 19N NITHN A, DN N
q

DOMYN DNM PN P,g-N q<N ,p,qeN IWND
0 A, NIAPNY NININ

DOYLP DMINP Y NININ,DNM ¢>0-1 NeN-Y .2
VT ?[X17 XZ],[X3, X4]""’[X2m—l’ sz]
JO<X <Xy <X <X, <oe < Xy <Xy <1
A S (X% ) U (X3, X ) U U (Ko g0 Xom )

&

X = Xo| % = X | e H X = X <50
J2NOPN f -Y RN

,[0,1]-2 h=) g ,nPD23D0PNR NVIPN MNY KYD T
JPDMINVPN NN geoh NAINNY IO

[c.dlc[ab] 9y 230N f:[a,b] >R n (8
Je.d]-amdamorN f-w NN

: DONIN DIVYON 2y My (9
N, [c,d]-anmon f >Pn N

M =sup{f (x)|xe[c,d]}, M"=sup{|f(x)||xe[c,d]}
m=inf{f(x)|xe[c,d]}, m'=inf{|f(x)||xe[c,d]}

M'—=m' <M —-m > ndN
J21n0rN fi[ab] >R N A

DPOAVOPR 21 |f| D nom
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16 P19 G/WL ..DYTIDN DOVIVNN ,NPIIINVIN

: 0PNV 79, f:[0,1] > R ¥R NoNT Xy (10
JPPIAMVOPR NPN f HIN, ODAINOPN |f| N
JP9NOPK NPX f YAN DI NLIN 22

J[a,b]-a nvSamorN nLPNa Y g f Ny»nn (11
j: f (x)dxsf:g(x)dx W, xe[a,b] 935 f(x)<g(x) DN NN N
U: f (x)dx‘gj:\f (x)|dx 2 N3N .2
,xe[a,b] 925 m< f(x)<M DNOOI NN )

.m(b—a)s_[: f(x)dx<M(b-a)

—dx < ?-\’) MIRIND T DY PNY-IRL NN

>

3 Jg-sinx «/E

LF(x)=0 ,9m09) f:[a,b] >R, >Nn (12
.xe[a,b] 935 f(x)=0 m,j:f(x)dx:om NNy f ONOD NN N

b
, ja f(x)dx=0 IwND ,[a,b]-2 5aM0YNX, f P¥PNY MHNT NIN 2

f(%)>01May, x e[a,b] o»pYan
DO PN N f o 7wn

mon PN f:[0,1] >R NN (13
Je1]-a DamorN £ spNnan , ce(0,1) H35v nNd
[0,1]-a 520N f 25NN N

0 x=0

[0,1]-2a >amorN f(x)= YD NOM /N PYDI NN 2

.1
— 0,1
smx xe( ]

moN 8PN f:[a,b]—> R NN (14
TPPAMOYN PIPNI NAY, [a,b] -2 201N fg NDIINN IWNOW M)

j:( fg)(x)dx=0 D»pnn, g >N
Axe[a,b] 935 f(x)=0 ,71m92) f(x)=0 2NN
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16 P19 Gw‘ ..DYTIDN DOVIVNN ,NPIIINVIN

: DYNAN DXOOYON DY NIy (15
X y=0 Y N

1

Aim(x"+y")r =max {x,y} >3 N>

n—w

¥y fi[ab]>R,, N0 a2

le(_[:( f (x))n dx) =sup{f (x)[xe[a,b]} »2 NN
[NINW->UP )PNW-IR] (16
X Xy Xy Yoy Yon el Y, €ROMPY N

1 1
~‘Zin:1xi yi‘ < (zi”:le)z (Zl yf)2 » PN
AeR 999 D (tx+y,) 20 v
J[a,b]-a nvHanvrN nrspnonw f,g NN 2

Lt 00a (e <( [ (1 () dx)%(j:(g(x))z dx)% ¥ NN

a

.teR 995 I:[tf(x)+g(x)]z dx>0 : 199

JPDAMOYN PPN f:[a,b] > R 0N (17

L. MTIPIOYHOIND 19002 f DY DIIIYN NN DIVN
POV NOAPNNY NPIPNINY NN
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16 P19 val ..DYTIDN DOVIVNN ,NPIIINVIN

/N 9290 (18
b"—a" =(b—a)(b™ +b"*a+b"*a+..++b" 2 +a"") > NN .1

.a,beR Y neZ" 9wNd

(k+2)™" -k

k,neZ" qwNo K" <
n+1

<(k+1)" »non .2

m-1 mn+1 m
.Zk"< <Zk” MY NN .3
k=1 n+l 3

n+l

2 +2" 4+ (m-1) < <1I"+2"+..+(m=1)"+m" M

n+1
2 Yo
.neN IwND,[0,1] ©NNA MM f(x)=x" NN

1
. jo f (x)dx 2wM,[0,1]-2 7220PN f 20 NN, 19> MDD N2

NIIWNY /N PYD M 0NV 0YOP m-Y [0,1] YOPN NN PON 107
.DMNNNNN DNPHYN DINIDN

hy
i .neN IWUND ,{0,%} AT f(x)=cosx >N (19

oz TOOIAMNOLAN f -Y NI 1927711502 WNNYN

7 (x)dx 2w ,{0,5} -
0 2

.N—> 00 Y MM ,DMVY DYVP n-Y [0,%} X PON 1307

,0eR - keZ™ IWNRI ,NNIN NXIVNMNIVN MM WHNWN : 2 309

: _(2k+1)0 . (2k-1)0]
:DbUﬂJ‘\N‘P‘wﬂb"rD,smgcoskazé{sm( ) —sm( 2)

.sin—= Zcosk&’— 1{ M—sing
2 & 2 2 2

=1 *2
P, ={x0,x1, , ; nPwNA A, [ f (x)dx N awn (20
0N, X% =2" (0<i<n) IWND
1
X

P4={1,2%,2%,2%,2} f(x):% A f(x)== .N
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16 P19 G/WL ..DYTIDN DOVIVNN ,NPIIINVIN

NN .[a,b] YOP2 NPIANLIR NVPIPN NV f,g NN (21
.[ f( dx<I x)dx W, xe[a,b] 935 f(x)<g(x) ONX .N

m(b—a)sL f(x)dx<M(b-a) W ,xe[ab] 939 m< f(x)<M DX .2

0 WV DODNVIND DMIAN TIY VAVYNI , NI (22
j f(x)dx=f(c)(b—a) -w 72 ,ce(a,b) OPp N, N2¥T f:[ab] >R O
JIPDMNVIN NDMAA NNV NN NN PINI DX ,DWI) VIYNNIY NN

JPPOU-OR PDIMOMK f i[a,b] > R 20 0o (23
[a,b]-2 93713008 0N 9N [T 35 NN

:TI9N N NN . f:[a,b]—> R m8pnan nnn (24
,DAND TPMNT MY XD TPDOV-IR TIINLVIN f ON N

T f(x)dx >0
jb f (x)dx >0 IN,DAND TPMNT MY KN TPOW-N NN f DX .2

2 o) 7o N, 20PN f DN )
 f oy 79 N DamurN |f| DX T

(D59N TN NOYPNI) | X |=max{neZ|n<x} IWND ,J':;I_XJ dx NN awn (25

,[a,b]-2 D2M0PN af WX, aeRA [a,b]-2 220N f OX D NN (26

jbaf )dx = aj x)dx y2
! a
La<0-2,—f PPN NN, a =0 >0 NONN NN 09

, f+9 03 791x,[a,b]-a nyYanorN f,g OX D NN (27

.j:(f +g):j: f +I:g D»PNN GOND

j: (f+g)zj: f+j: g f(f+g)£ff+fg Y NN : 19
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16 P19 G/WL ..DYTIDN DOVIVNN ,NPIIINVIN

Py, \ f (x)\ >Cc-¥ T2,c>0 D»PY 12 D1NOVON f:[a,b] > R »D N> (28

1
pla)ivip 7 i DAN PN MANOPN f PAONI] . xe[a,b]

1
.[a,b] yOPa DA MVIN g = + 932 mm

[a,b]-a nv>anorN f,g 20 N (29
J[a,b]-a HamorN f.g 03D NN N

,xela,b] 935 [g(x)|zc>0 o 3NN 2

.[a,b]-2 52 M0LIN T o
9

N2 ,a<c<b-v 2 f:[a,b]—>R » Mn (30
.[e,b] - [a,¢]-2 ©2 75>270PN NN N, [a,b] -2 72NOPN f ON N
.[a,b]-2 ©3 52V PN NN N, [¢,b] ) [a,c]-a HaNOVPN f ON 2
DPNYN DPPNN /271 N DIPYD,0IPHNN PN )

I: f (x)dx=£ f (x)dXJr_Lb f (x)dx

[a,b]-a nvHanorN f,g (31
s =min{f, g} 121 p=max{f,g} N
.[a,b]-2 NP2 MOIN @, DI D NN

r=min{a,b} , max{a,b} :%[a+b+|a—b|] £ 309

MON MIPN f:[a,b] > R 0N (32
,&>019 [a,b] DY P ={x,,...x,} NPNN N»N2
:NINNA ,{1...,n} DY B, (P)-1 A, (P) ,m8ap->nn nv 1
M,-m >¢& DN ieB,(P)-Y,M,—-m <& DN ie A, (P)

5, (P)= D Ax ™19 M1

ieBg(P)

&

DN P DX [a,b]-2 72220 PN f NMDN M¥PNY ¥ NN
JPl<é = s, (P)<z 955 P 935w 75 ,5>0 0»p >0 9991 £>0 Y35
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16 P19 Gw‘ ..DYTIDN DOVIVNN ,NPIIINVIN

Ja,b]ow PN P={x,,X,....x,} >NnMm nmon f :[a,b] >R > n (33
,P-5 C={c,...,c,} NN NI KoM THN ONN .N
P S(f;P,C)=L(f,P)-w 1>
S X, <G <X =W MDD YNMINIA NN
MNTY f 9D D) 1N DX MHNVN TNIWN DXN .2

,te[0,1] 999y ,a,bel 935 ON NP KIPON | YOP Y f MNP MY (34
f(t-a+(1-1)-b)<t- f (a)+(1-1)- f (b) D pIN

f(x)

tf(x1) + (1= 1)f (22)

Ftzy + (1= t)as)

T try + (1 —t)xs Ia

mp f:R 5RO N

n
PNUNHN DOPPIN, Dt =1 D»PNN t,...,t, €[0,1] 9355 NN

i=1
[n DY MSPYTIN : 107] f [Zn:tiaiJ < En:ti f(a)
i=1 i=1

(192 )PNVW-N) .2
PN g:R - R IM ,NON¥N 1MP fiR >R OIN

. f(j:g(x)dx)s'[:f(g(x))dx D NOMN

F() =] f(t)dt nm o iR >R I (35

JMN F OX P OXR ION-N OO NdIN X
JOMON F OXNPNONIM f 2O ndn A
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16 P19 val ..DYTIDN DOVIVNN ,NPIIINVIN

F()=["f(D)dt nmne R >R NN (36

JoMNN fOXIN,IMNMNN F OXYD N LN
JOMNN-NY F AN INNn f Dav nnnT 8D A

0% peR M F(x)=[ f(t)dt >nn,no¥ R >R mn (37
: D9IPY DNIN DRINN DVY NN
XeR 9D f(x+p)=f(x) .1

xeR 939 [ f(t)dt=c -wT>,ceR OOp .2

J2217n0rN fi[a,b] > R 1N (38

Tt (x)dx =] f (x)dx-w 12 ,c<[a,b] DPpY NN

a

,[a,b] 992 N IOYXR VY, f iR - R NYSpNan 55 n¥ap A >nn (39

A7 (t)dt= £ (x)-1] : xeR 939 820 PNWN NX DR

A2 TPNPNND NHNT RN N
R-apvwn f N, feADNODNON 2
(NN f -w NI NN :09)

A2 T RYNPNAN DI NN NN L)

1+t 21+t°
.f(x)=C-vwT5,CeR NN NNDY, IR IPNI f D NN

1
(=] t +I£ ;N3N OINA f1(0,00) > R 7NPND DT N (40
0 0

¢ odt
. I ~=arctan x : 2 YNnwno 5om
o 1+t

sinx dt

.g(X)z_ch\/l—?

Yy, g (0, %) SR P A

AP TPEPND g -YW NN
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16 9 Gwl ...DPTIDN DXLAYNN NP NOVIN

D™1'2N 7Y vavn ,X"1TNN 2¥ M@ vavnn
1M "N12D1 0*?1NAVIND

MHNY

: DYNAN DXYYON HY NIy (1

DI NN DIDNY IND YOPA NN TIXPNY D YD NININ N

NI NN NN DIDN TN YOUP NIDYANVIN IXPND ¥ ININ .2
, f(x)=

0 -1<x<0
ST fi[-L1]>RoONn (2

1 0<x<1
—1<x<1 My F(x)= f(t)dt nx
ANPNALF - f DY D970 NN VLIV

D98 F AN, (0-2) nooNy NN f N

0-ANPRAPNF A
,0-21 N8 NPN f-w 10, f:[-11] > R M¥pNad nonTIn )

0-3mn F(x) = f(t)dt Yax

JPD2M0ON fi[a,b] >R oONN (3

L f(t)de=1tim [ £ (t)dt >3 nom

a x—b~ ¢a

MOYNY NPXPNANY NN ,OIDNVIND NWN DMIIAN TIY VAV NX NN (4
(NP2 7NVIN N)
[a,b]-a NNy f PN

,F'=1-v75,[a,b]-2 F NN MIPN NH»P DN

[T f(x)dx=F (b)-F(a) W
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16 P19 th ..DYTIDN DOVIVNN ,NPIIINVIN

2xsini2—gcosi2 Xx#0

, f(x)= x* XX :NINONA fi[-L1] >R P (5
0 x=0
X2 Sin — x#0
F(x)= X’ 72 F:[-11] >R 7N
0 x=0

oopay [ f(t)dt S0PNn YaN, F'=f 0o

xe[01] 939 | f (x)|< [ f (t)dt-w 72,n2¥7 F:[01] >R N (6
.xe[0,1] 935 f(x)=0 " NN

X€R 999, g(x)=[ (x=t) f (t)dt P NP¥Y FIR>R AN (7
.g"=f > NN

a0 M R-212%7 f nn (8
-9(x) :éf: f(t)sin[ar(x—t)]dt P

F(x)=9g"(x)+a’g(x) NN

J0.1]-anw f:[0,1] >R >N (9

jol f(x)dx=f (o)+% f'(c)-w15,ce(0,1) ©»P > NNIN

jol f (x)dx=1>3 M noxy f:[0,1] - R >Nn (10

.f(c)=3c’-w12,ce(0,1) OMP D NNIN

N f :{o,ﬂ R >nn (11

.2c032cj01 f(t)dt=f(c)-wId,ce {0,%} D»P >0 NI
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16 P19 val ..DYTIDN DOVIVNN ,NPIIINVIN

.xe[0,a] 935, f"(x)>0-v 72 ,M8PNn9 f:[0,a] > R >Nn (12

.Ia f (x)dx > af (E) ) NOIN
0 2

.xe[ab] 929, [ f (tydt =] f(t)dt >3 mm ,ne¥ f:[a,b] >R >nn (13
.xe[a,b] 935 f(x)=0 > NN

JPPOU-ON g1 oW f oo n>aMonN fg:[a,b]>R MmN (14
,ce[a,b] ©»p 5NN

() g(x)dx=f (b)[ g(x)dx+ f (a)[ g(x)dx-v 72
DYDNLIND NYRIN DMPAN TIY LIYN

,ce(a,b) D»p N NN f:[a,b] >R ON

I: f(x)dx=f(c)(b-a)-v T2

ITINTD DY DMPIAN TIY LOVYN
,ce(a,b) D»P N, (a,b)-2 7101 ;NN f:[a,b] >R ON
f(b)-f(a)=f"(c)(b-a)-w 1>

: DYNAN OXYON Yy NIy (15

,DOPRN MINDY YW D»PIAN TIY LAYHRY ININ N
.DYIMLINT NYKIN D»IAN TIY VIVN NN NN

NN NN ,DPPNN DYNOVPNRY NYKIN D1PIAN TIY VOVHY NNNA .2
9N MIYNRI NI DY NPEPNY AINNY HY D»IIN TIY LAYN

,DYDVIND NNYNRIN DMPIAN TIY LOIWNI WNPRNWYN (16

.neN Y39 n+l£dx<% 9 MM
no X

.jb f (x)dx:j:g(x)dx P, M98 f,g:[a,b]—> R 13N (17

a

.f(c)=g(c)-vT5,ce[ab] D»p 25NN
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16 P19 th ..DYTIDN DOVIVNN ,NPIIINVIN

DY9NLINY NWN DM TIY LOYN

.[a,b]-2 52 MOIN g1 NN NN

-¥ T2 ,cela,b] ©p N, [a,b]-2(g(x)<0IN),g(x)=0 OX
b b

.L f(x)g(x)dx=f (C)L g(x)dx

2

2
.”—sj/z_idxsh % N9 (18
9 /6 SIN X 9

NNy f:[0,1] >R >Nn (19

1
dim | x"f (x)dx =0 v N2

n—w J0

NN f:[0,1] >R >Nn (20

dim [ (x")dx = £ (0) %> nom

n—o o0

NN filab]> R ONN(21

Jim (P, )= f(x)dx » o

[P0

=b

A =X =%, S =3" FEAX P ={X X X} 1 DIMOD
||P|| = max{Ax} ,Coelx 4, x]

1<i<n

S

.neN 930 a, In[%] N (22

Jdima, DX X8/ Y7 D1DOY a, NN N
n—oo

Jab]-amosy g fr-w o, f,g:[a,b] >R NN (23

e (x)ax=[f(x)a(x)] - £'(x)g(x)dx » nan

4 OV NV NN fHOPIM MDY NP ¢:[a, ] > R NN (24

L) Ode=[7 1 (x)dx 2 o
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16 9 Gwl ...DPTIDN DXLAYNN NP NOVIN

MY uvijab] >R v NNy filab]—-> R NN (25
,[a,b]-2 D501 v~ u 5w DXV DX D NN

d evix
o (=1 (V)G (u(x)) g

xInt
f (x):j1 mdt NN YONA f :[L o) IN TN (26

F(x)+f Gj =2 )PNYN IR NND
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16 9 GWL ...DPTIDN DXLAYNN NP NOVIN

DI1axa vavn navyn nvvy nal

MHNY

X =1 PN OY TOONNN D02 DY MYON NV Yown )y (1
.a YN yos TN
;9N N NN AWNT 1IN DY DITND LIVNI YHPNWN
.y =—a N 20 UIVNN 2220 T DY I8N

DINNN DY 72101 1299 NN N¥NY DN VAVYNI WHRNYN (2
.D={(x,y)|x2+y2 =4, szandyZO}

a

(x=2)"+y? =1 %yna owonn Nvwn P (3
.y -1 P 2320 22IN0N NIVIVHN
LNV NLYN DY DN NLY NN N8N
NNV 9NN N9 NN

4
.EﬂrS NI, r DT TV T N D)

LY =X PN D0 ANNON (x—4) +y? <4 000 porTn (4

/«‘ O XMWY QN NI NN NSN
(x=2)" +(y-2)" =4, y>2 moynn nwpa man (s

\ _y+2X=0 P8 220 NADNON NUPN
N XN 9N YV DN NLY NIX XD

.y:%(x2+l), 0<x<1 DPYN I (X, §) v (6

N 1
. / -DIONS LOVN NYA X NN N3N

195 WWW.GOOL..cO.il 95 103291 1T 110702 NN 1NaY
© NMMPO N — N9 AN




