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DSVMD 5552 WHNWYNY MOINR DN NY P19 *
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6 P19 G/WL NP OY M - NRNN NITIN

: TI9N N NN (20
X mA NP NIPR f=g+hiIN, x,-2 NP NPN g-) X,-2 NPT h OX .N
X mANPDNIPNR F=g+hiIN, X, -2 NP NPN -1 X,-2 NPV NPX hOX .2
X, mA NP IR f=g-hiIN, X,-2 NP NN g-) X,-2 NP NPN hON )
Xm AP IPNR f=g-hIN, X, -2 NP NPN g-) X,-2 NP hON T

S TI9N N NN (21

.Iimn{f(x+1)—f(x)}: f'(x) sx,n f OX N
n

N—o0

. 1
PR IR N0 OMP Ilmn{f(x+—]— f(x)} 2N ON .2
n

n—ow

:TI9N N NN (22
im f(x) =0 W, lim f(x) =0~ (a,b)-2 0PN f OX .N

x—a*

Aim f(x)=c0 W, lim f'(X)=00-) (a,b)-2 7P f ONX .2

x—a*

NimA W=7 =10x=4) nNOPMY, x=4-2 N8 f(X) 2 M (23

x—4 X—4
LF'(4) anavm , x=4-2nP%0 f-w NN
_f(x)
. Ilrrg T =0 NYPNN x=0 NTIPIN NI>202 NN NP f >nn (24
X—>

. f(0)=0 5 P> N
f'0)=0-y x=0-2nPn f 2nmN 2

LF'0)=k -y £(0)=0 > )1 ,Aw N 53 5y NP PPN f NN (25

X—© X

Jdimx f (lJzk D NOMN

X, TP NP MSPNS f R >R PN (26
XA | | 0w N0, f(x,)=0 DN .N
NOW 1M X, -2 NP | f | e arIn, f(x,)=0 OX .2
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6 P9

G/WL NP OY M - NRNN NITIN

Xy TP MV NVPIPNS f,g:R >R n»nn (27
.xeR 935 h(x) =max{f(x),g(x)} TN
X" h AN (%) = g(X,) DRW XN

Ry ospna fonn (28
.f'(0)=01w,0-2nPN f OND NN

NNV DT XNV NN : NIYN

CE(xy) = F()+ f(y) T»pnn f:(0,0) > R PXPNS 1M (29
X,y € (0,00) 995
X=1 TP nmn f oo pm

f § — f(x)=f(y)-) F()=0>3Pmn .X

f'@
.f'(x):% X >0 995wy, N f o NI A

NEMPNRN NP SPNS T3 M (30

f(x+yj: f )+ f(y)
L2 2

TR INPNS  -w NOMN

: DYNAN DXYYON Yy NIy (31
: NN MIYOLN DN NN N
f(x+a,)—f(x)
a

n

f'(x,) = lim N, X,-2 0PN fON
.a, >0 N7T9 505
D=1, % =1 DTpra v mspn f:R->R >N A

W, keN DRV NININ

.Lmn[(f(1+%)+ f(L+2)+..+ f(1+§))-k]:@ f'(1)

n—oo

1 2 10
lim n{en +e"+..+en —10} 9N NN AN L)
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6 P19 val NP OY M - NRNN NITIN

: DYNAN OXYON DY MY (32

1 Xe
.DYPN 9521 NP XY D(X) :{ Q 92797 IMSPNAY NN .N

0 XeQ
X=1nTP32 P9 N F(X) = (Xx=1)?D(X) M¥PNONY NN .2

X, "2 PV ISPNS fonn (33
f (%, +h)— f (%, —h)
2h
,DMP /N PYDL NNV IINT, f 19N NN YW NNT N .2
OPP N (%) TN

CF(x) = Ihirrg D NN N

. f(x,—2h)-f h
lim (%, )h (%, +3h) NN DR (%) MysHNA yan .o
Xy =2 DYNYI NP SPNS f onn (34
.f"(xo):lhirrg f(x0+h)—2fh(2x0)+ f(x,—h) N

,D»P N PYDL DNV OIND, T PSPNS YW NINT N .2
OOP N (%) TN

VY Y95 IR NTNOYOINN PN PYD NN NI : NIVN
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6 P19 G/WL NP OY M - NRNN NITIN

NOYD MVn

f'(x)=4cos4x (3 f(x)=- x+1)2 (2 fr(x)=2x+4 (1
F(x)=—t (6 f()=2 s f(x)=e (@
2Jx+10 X
4 (9 2 (8 144 (7
DTIPIADIN POPUN OYP . x=1 NTIPIA NPIIND .2 LX 999 NN LN (10
n>2.1 n>1.8 (11
n>1.a n>1.N (12
e.a 1 N (13
4

No (14
.INO (15

f’=0 .nN2N NONY (16

.1'0)=0 :0»pnm, x=0-2 P NPV PPN (17

'@ =0 :0”pnmy, x=1-2 P71 NP MSPNON (18
5sin*xcosx  2nz<x<(2n+Dx

x="n 2 f1(x) = 0 X =nz N (19
—5sin* xcosx 2n+D)r<x<(2n+2)x

STI90 N NN NORY (20
779N N NN NORY (21
STI9N N NN NORY (22
NN NONRY (23
NN NORY (24
NN NONY (25
NN NORY (26
NN NORY (27
NN NONRY (28
NN NORY (29
NN NORY (30

550 .DNDMN NORVY .2 .IN2N NORVY .X (31
NN NONY (32
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6 P19 Gwl NP OY M - NRNN NITIN

—5f'(%)) f(x)=[x .2 NN NONY X (33
-1 x<0

f(x)=sgn(x)=<0 x=0 .2 NN NORY X (34
1 x>0
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6 P19 val NP OY M - NRNN NITIN

NPTTX-TH NINTA

MHNY

N2V 79NN MTIPIA NOXIDN IXPNA DY M) NPITAY NV DIIT >NV INN (1

(PYPNAN NNDN NADNNN NAY NTIPI)
X*4+8x x>2

TN MOV ONY DT TN Y f(X)=1 INPNI WHNYN
X°+12 x<?2

DAMNNY MOLIVNN NNX D22 WHNWND TOY NN 9200 ,9002

NNV 797 992,107 TN DINN2 MININ NPEPNDN MW P72 9-2 MONWA
: PEPNONN NNX 9D YW NN N2y NNDN DIV ,q0N2

x2=5x x>2 x? —4x X>2
f(x)= (3 f(x)= (2
() {x3—14 X< 2 (%) {x3—14 X<2
In(1+2x) —05<x<0 48 >2
()= (1+2x) <X< s f(x)=x+x X @
x2+2x x>0 x}+12 x<2
f(x)=3x"+x|x+1 (7 f(x)=2+4x-1 (6
i 1 o1
f(x): X sz x>0 © f(x): xsmX x>0 8
0 X<0 0 Xx<0

. X =0 NTIPI2 DMNYS NI 5 NORWI MPNPNON DND 7172 (10

Ix+1 x>-1

F(x)=11 :TPIPNON NN (11
—+a x<-1
X

TX=—1 NTIPIA NN MMIEPNAN a AP DV TIY NN MY N
DND NN NITHIN 9 DY PITA /X PYDI NODPY a-n Ty Ny .2

X=—1 TP NP NN NISPNN
M NTIPIA PIUN DMP ONN

SV HH52 WHNWND NOIN DN NT PIsa *
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NTIPIA NI NNIN PPN b =) a DWNIAPN DY DY DR NIAY KXY (12
In*x O<x<e
f(x)= { 99NN
ax+b x>e
DTN TNAY NNON DIV ,ION DYDY N2y

NTIPIA NI NNIN PPN b -1 a OIYIAPN DY DIIIY VN NIV RN (13
e’ 0<x<1

{ax +b  x>1

NN Y NNON DIV ,ION DY NAY

: 990N

s .1
x‘sin=+4x x<0
Cf(x) = X (TPNPNON NN (14

pxX+q x>0
(NN TOISPNON g -) P DOWIAPN DY DYDY IDIN NIAY Yap
M NN N

(%) =[x* =x* +sin(10x) -1 - P¥pPNon My, f'(0) MX2WN (15

(TPNPNON NNNI (16
0 XeQ

AUNN X DD NP RD MINPNINY NN

.f(x):{ |coszx| xeQ

(05w 799n) NN

,INY2 9ITHIN DHYN 190NN DX X OWNN 1901 535 Nnn [X] obwn 7ivn nrspns
4.1 =4 ,[-4.1]=-5 :5vn5 .(NVn 355 NYIYN) X -9 MY IR YOPY

F(X) =[X]-[=x] mspnan nm (17
. F'(x) axawn

. F(x) =[x]sin(zx) MNPNAN NN (18
Annra Yy (X)) nXavn

£ (x) =[x](1-cos(zx)) NP¥PNAN NN (19
(X)) PN awn
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6 P19 val NP OY M - NRNN NITIN

,x 999 | f (%)) <X mo»pnn m3pne 2N f oxw NN (20
x=0-27Pn f X

X, =0-2171987 78PN fonn (21
.f(0)=0 DX PN ON %, =0-2 1P z(x) =|x| f (x) M¥PNON 2D NN

X, € R D% NNDN N22202 MITHIND NPIPNA NV g-) f pimd (22
: 779N N NN
(%) =0, (%)) F(x)=9(x) DX .X
f(x) x<X,

YTY DY NVTINN , Z INPNON IN
g(x) X=X,

X2 N, 2(X) ={

y(R-2107PND g R->R- x,-2anPNN f:R>R ON .2
RAADPVRMPN go f AN

SV NNDN N22202 NN NP X,-2 PN NPT g ONX )
X2 PPN NP Fog 2N, g(X) -2 120 NI g(X,)

.DYDOY0N P2 IVP PN NN

R mYTHIMN DRSNS g- fondnn (23
X>Y 9397 , R -2 NN PPN NN ¢ -Y PN
-1 =9(X+yj N
X—Yy 2
(X)) =g(x) o»pnnovnn x D5, R-2 013 f > nom
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6 P19 Gwl .NPNO HY NP - NN NITHIN
N MAIVN
f'( ) 2X+8 X>2 a
X)=
3x° X<2
2X—4 X>2
f'(x)= (2
(x) {3X2 X <2
£(x) 2X=5  X>2 3
X)=
3x? X<2
f'( ) 2X+8 X>2 @
X)=
3x2 X<2
2
-05<x<0
f'(x) =141+ 2x (s
2X+2 x>0
f'(x)=4(x>1) , f'(x)=-4(x<1) (6
f'(x):8x(x20) , f'(x):4x(x<0) (7
sinl—lcos1 x>0
f(x)= X X X (8
0 x<0
1 1
2Xsin——cos— x>0
f(x)= X X )
0 Xx<0
.x=0 NTIPIA DMNYI NP N (10
VN DR R NPVIND A a=1.N (11
§Inzx O<x<e
f'(x)= ;‘ a=3/e b=-2 (12
= X>e
e
f'(x):{e 0<x<1 a=e b=0 (13
e x>1
g=0,p=4.2 q=0.X (14
-10 (15
NN (16
0 X¢&Z
f'(x)= 17
) {undefined XeZ (
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() = {[x] cos(rxX)zr XeZ (18

undefined xeZ

[x]sin;rx X¢eZ
f'(x)=<0 xeZ, xeven (19
undefined XeZ, xodd
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7999 GWL TPNPNA DY NI IWON

NN 2221 2N

MHNY

:(MIYNIN NN NN P RN 35-27 MONWI) NININ NPNPNON NN DPNHYI N

2x° x? —5x+6 X2 +2Xx+4
fX)=—= B fX)=—"F"-— (2 fX)=— (@
9 (x+1)? ) 2x+10 ( 9 2X (

x+1)’ x® X3

f(x)=| — 6 f(X)=———= (5 f(x)= 4
-2 e = (0=

Inx In x
f(X)=x-Inx (9 fX)=—%= (8 f(x)=— (7
(X) (X) X (X) . (
f(X)=In*x+2Inx-32 (12 f(x)=In ZL (11 f(x)=x*-Inx (10

\/ —X

1 1 2 1
f(X)=(x+2)-e* (15 fg=er ¢  FO=Inx+oo a3
f(x)=¥x"-1 @8 f)=3I¢ @7 f)=x-e2 (16
f(x)=cos(x*) (21 f(x) =sin(x’) (20 F)=Ix21=x) 9
f (x)=In(cosx?) (24 f(x)=tan(x?*) (23 f(x)=sin®x (22

f(x):(x+1)5inx @7 f(x)=arctan(x?) @6  f(x)=arcsin(2x+3) (25

y=x""" (30 f(x)=(cosx)"™ (29 f(x) =(sin x)x (28

N
y:(\/;+;j (33 y=x"* (32 y=3x (1
y = (x+1)(x+1) (35 y=(x +1)X (34

PNV MAND XD/ NN MITTOINY 1N 29-1 28 MONYA 1AM
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7979

GWL PN DY NI 1WON

NOYD Mvn

f()_ ;,f(x)_ (1
f()—%, f“(x):ﬁ 2
P = =)

R R RO RE
f'(x)zx(zfﬁ)?’ f"(x):(xi);)“ ©

f1(x) = 6((“1;)4 , f"(x)=12% 6
{0 Linx I2nx1 . ()_Zlnx 3 4
=25 =20

f'(x)=Inx+1, f"(x)= 1 9
X
f'(X)=x(2Inx+1), f"(x)=2Inx+3 (10

f'(x) =

w1
2(2-x)’ f (X)_(4—2x)2

(11

f(x)_—(lnx+1) f1(x) = —2MX

(12

f'(x)=§{('L)43_1}’ f-.(X)Z_X_ZZ{(In x)° —(Inx)* —(In x)—3} s

(Inx) (In x)°

91

wWww.GooL.co.il 9NND 102 XTI 1IVIDA XON NINSY
© PMMYD NN —INM 2ANd




7999 GWL TPNPNA DY NI IWON

14

-~

f '(X) = e% .(_izj’ f "(X) _ e% £1+42Xj
X X

/g2 _y_ 1
f'(x)=e*(x—§2j, f"(x)=ex[5xf2] 1
X X

-~

f(x) =2 (1-4x2), f"(x)=-4xe 2 (3-4x>) (16

2 2
f'(x)= , F'(x)=- (17
(x) 3.3 (x) 0.
1.
-——x"-1
2X 2 3
f'X)=——7—=, T"X)==—"—= (18
e o A e e
2-5x% 2 1+5x
f'(x)= , F')=——=- (19
)= T 0=—5

f'(x) =cos(x®)-3x*, f"(x)=-9x"sin(x®)+6x-cos(x’®) (20
f'(x) =—sin(x*)-4x3, f"(x)=-16x°cos(x*)—12x?-sin(x*) (21

f'(x) =3sin® x-cosx, f"(X)=6sinxcos*x—3sin’x (22

2X 2-c0s”(x*) —8x? cos(x*) sin(x?
=2, fr() = 2008 (X)X )sin(X) -y
cos“(x°) cos”(x%)
f'(x) =tan(x*)-(-2x), f"(x) :i—Ztan(xz) (24
cos?(x%)
4(2x+3
P =2, £ =) g
1-(2x+3) (1-(2x+3)’)
_ 4
i = 2 ) =20 26
1+x (1+x4)
£ 1(x) = xSINX (cosx-ln(x +1)+ﬂj 27
x+1
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7999 Gml TPNPNA DY NI IWON

f*(x) =(sin x)X (In(sinx)+cotx-x) (28

X

' Inx(ZInX)
y'=x"|——| (30
X

Yy =xX (1-Inx) (31

f '(x) = (cos x)"" '(In(cos %) _tan x-In x) (29

y':i-xﬁ(ln—xﬂ (32

o df ) el 1)

. o 1
y'=(x*+1) (1 |n(x2+1)+x2+1 2x-X | (34

x+1

y':(x+1 [In x+1)+1] (35
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7999 GWL TPNPNA DY NI IWON

NN NN

MHNY

X4y’ —1=1 :nnmon YPMON AN P (1

AInx+10Iny = y? :mINoN PN DN I (2

X+ \N =Xy DN PN AN (3

(3,4) nmpaa, x* +y? =25 9905 Punn NNYN INKID (4

L Xy + Y — X=Xy IDINON MSPNON GNY PIUNN ,IWON INNWHD NN KD (5
(11) ampan 17

2_
X2y +eV T = In X +1 mInon MNPNON 9NY PHUNN WD INNWND IR K8D (6

PSPNON 9N Yy nnsmn , (1,2) nmpan 717

,«/xy +y + X2y = Xy IOINDN PPNAN GNY PIUNN WD INNUN NN RSN (7

SPNON 9N Yy nnsmn , (1,2) nmpn 717

2
€Y 4y = yZ —1 NOIMDN PPN 9T POUNN TN INNUN NN NS (8

PSPNN 90 DY NIRYMIN ,(0, 2) NTPIN TIT

X+ y-eY =Xy + X5 mmon mspnon M (9
.Y =0 102,78P2190 99 5y MTIPIN NN K¥D X

MYTIPIA,TPSPNON G HY DIPIWNN DI INNWN NN NS .2
N PYDI INSNY

XY =xy =10 : nmnon mxpNoN IR M (10
X =y =1 nmnon mspnen N N (11

XY =Y 4+ x5 —x=0 nomo my¥pn M (12

y=1mnmpa y" 7y NN xen
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7999 th TPNPNA DY NI IWON

N(y)—x+1=2x°+4e” + 2y nxnwnpn ™ pm (13
X Y NOIND PN Y = Y (X) NN AT
T M1 7w h(y) 1

PN DTV Y(X) 12179990

OO Mvn

—2X
5y4_1¢0, y':5y4—1 (1
10 X
——2y¢0, yl:lo—x (2
y
-1 2y
J};to, «/;;tl, ':\/y . (3
YT 1ok
3 25
= Zx+= @
y==2%+7 (
1 1
—ZX+= (5
y 2 2 (
1 4
==x+1- (6
y 5 5 (
1 5
=—x+1—- (7
y 5 6 (
y:%x+2 (8
Y =X=1:Mun NRNWNN , Y =—X : DY PN HPURIA .2 (0,0), (1,0).x (9
y-x'-Y
x - Inx-=x=0, y=—X (10
x?-Inx—Xx
X —x’ y+yx-lny
X Inx—y*-=#0, y'= X —
y X Inx—y*- =
y
-1 (12

NN NONY (13
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7999 GwL TPNPNA DY NI IWON

navavn 2?22

MHNY

. £'(4)=10 no»pnn, f(x) mspnommm (1
-9(x)= f(X*) :nwmn My P

.9'(2) nxawn

£'(2)=4 noopon, f(X) mspnonm (2
1
g(x)=f (;J S NUTN TPNPN TN
.9'(0.5) nnawn N

DT g oo .avy foroqompm a2

F'(1)=e noopnn, f(x) mypnamm (3
-g(x)=x*+ f (Inx) :neTn N8P0 P

.g'(e) mxawn N
X=8€ NTP1a Ny g mEpnony NN .2

lim g(e+h)_g(e)

. SN NN VYN L)
h—0

F'M)=e, f(1)=-2 noopnn, f(x) mspnonm (4
.g(x)=f2(InXx) :nwTN MIEN9 P
.g'(e) mnawn N
IX=€ NTIPI,NTIMINNOW § OND .2

1 g Sy ISy .o e oo
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GWL TPNPNA DY NI IWON

Jarm T, f(X) mspnamm (5

-9 (x) =/ (X*)+4 nwTn mypns >

12) DXNANN N
X920y g N

X 90nT™ g a2
X>099n0w g o

X>0950 01 g T

fz(J_)—l
i)

.0'(100) awn . f(10) = f'(10) =4 »> »y1

1(2)rs
()

g'@avn. fT@=1, f'Q=4 oy

.g(x) = MNPNIN M (6

.g(x) = IpPNAN MM (7

ISPNON NN (8

~ f%(Inx)
’goo_'fﬂnx)+l
9') awn. F(0)=2, F'(0)=1romm

9= flo(jx)+l
f(j+1
X

g'@avn.f(4)=1, f'(4)=2»y7

IXPNAN M (9

4 f7(x?
.g(X) =——<= mxpmannnm (10
f(x*)

Q'@ an. f@Q=1, f'Q=4»yr
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PYD MAIVN

40 (1
Kalamaa s -16 8 (2
2e+1 . .INOMN A 2e+1 N8 (3
9'(x)<0 . DT 2 AN @
T (5
17
— (6
80
36 (7
8
— (8
9
4 9
-2 (10
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7979 Gwl NPNY HY NI VN
NMNMA2 N
MONY
:ININ NPXPNAN NN N

10x-1 7
=4 ’—-1,0/ 2x+1 (1

y x+1 ( )
y=(410x+1)" @

(x+ 2)""".(5x+6)

~ (7x+8)-(9x+10)
NI MAIVN
y-:y[z PP SP S S

410x-1 10 2x+1 4 x+1 |

1\ g 1 1
"= (10x+1)4 | -=|2"-In2-In(10x+1)+ -10-2* (2

y [( ) ) 4{ ( ) 10x+1

{3-In(x+2)+i(3x+4)+ 1 5— 1 .. 1 9 (3

X+2 5X+6 7X+8 9x+10 |
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: jol f,(x)dx = J’: f,(X)dx=1 121 nP22M0PN f,-) f 2 Mn

1
. jo f(X)dx NN N2 ANOPX D NN

N22271V1N
MINY
MON MIPN f:[a,b] >R ONn (1
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;NI PN MYTHIM, f:{0,1] >[0,1] >nn (7
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DO PN N f o 7wn
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[n DY MSPYTIN : 107] f [Zn:tiaiJ < En:ti f(a)
i=1 i=1

(192 )PNVW-N) .2
PN g:R - R IM ,NON¥N 1MP fiR >R OIN
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R-apvwn f N, feADNODNON 2
(NN f -w NI NN :09)

A2 T RYNPNAN DI NN NN L)

1+t 21+t°
.f(x)=C-vwT5,CeR NN NNDY, IR IPNI f D NN

1
(=] t +I£ ;N3N OINA f1(0,00) > R 7NPND DT N (40
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F(x)=9g"(x)+a’g(x) NN
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DY9NLINY NWN DM TIY LOYN
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2

2
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1
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n—w J0
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=b

A =X =%, S =3" FEAX P ={X X X} 1 DIMOD
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S
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Convergence of a Sequence, Monotone Sequences
(NM1TO)

Questions

1) Let A be a non-empty subset of R and « =inf A. Show that there exists a
sequence (a,) suchthatan a, e Aforall neN and a, >« .

2) Letx, Q. Show that there exists a sequence (X,) of irrational numbers such

that x, = X, .

3) Let A beanon-empty subset of R and x, € R. Show that there exists a sequence

(a,) in Asuch that |x, —a,| —d(x,, A). Recall that d(x, A) =inf{|x—al:ae Al

4) Let (a,) be a bounded sequence. For every ne N, define x, =sup{a, :k <n}.

Show that the sequence (x,) converges.

Cauchy Criterion, Bolzano - Weierstrass Theorem

5) Let (x,) be asequence of integers such that |x,,, —x,|>1 forall neN.

Prove or disprove the following statements.
a) The sequence (x,) does not satisfy the Cauchy criterion.

b) The sequence (X,) cannot have a convergent subsequence.

6) Show that a sequence (x,) of real numbers has no convergent subsequence

if and only if |x,| —> oo.

7) Let (x,) beasequencein R andXx, € R. Suppose that every subsequence of
(x,) has a subsequence converging to x,. Show that x, — X, .
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8) Let (x,) beasequencein R . We say that a positive integer n is a peak of the
sequence if m>n implies x, > x_ (i.e., if x is greater than every subsequent

term in the sequence).
a) If (x,) has infinitely many peaks, show that it has a decreasing

subsequence.
b) If (x,) has only finitely many peaks, show that it has an increasing

subsequence.

c) From (a) and (b) conclude that every sequence in R has a monotone
subsequence. Further, every bounded sequence in R has a convergent
subsequence (An alternate proof of Bolzano-Weierstrass Theorem).
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Continuity and Limits (maxm m212x)

Questions

1) Let lim-52=5. Show that lim~2=0.

2) Let f:R—R and x, € R. Suppose lim f(x) exists.

Show that Iirrg f(X+X,)=lim f(x).

3) Let f(x)=|x| forevery xeRR.Show that f iscontinuouson R.

4) Let f:[0,7] >R bedefinedby f(0)=0 and f(x)=xsini—21cosi for x=0.

Is f continuous?

5) Let [-] denote the integer part function and f :[0,0) - R be defined by
f(X) =[x*]sin7x.
a) Show that f iscontinuous at each X # Jn, neN. [Here N includes 0]
b) Show that f is continuous at each x=k e N..

c) Show that f is discontinuous at each x = Jn, neN such that x ¢ N.

6) Letthe function f :[0,1] — [a,b] be one-one and onto. Suppose f is continuous.
Show that f ™ is also continuous.

7) Let f:(0,1) > R be given by

L ifx=2 where p,q e N and p,q have no common factor
f (X) —J4a q

0 ifx isirrational

a) Suppose x, — x, for some Xx,, with x = x forall neN, and suppose

X, = g—n €(0,1) where p,,q, € N have no common factors. Show that

n

limg, =oo.

n—oo

b) Show that f is continuous at every irrational.
c) Show that f is discontinuous at every rational.
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Existence of Extrema, Intermediate Value Property
(oxLYAIM vawvn 012N )Y vavn)

Questions

1)

2)

3)

4)

5)

6)

7)

8)

9)

Give an example of a function f on [0,1] which is not continuous but satisfies the
IVP". "We say that f has the property IVP [Intermediate \Value Property] on [a,b] if
for every x,y €[a,b] and « satisfying f(x)<a < f(y) or f(x)>a> f(y) there
exists x, €[x,y], such that f(x,)=«.

Let f :[0,1] > R be continuous. Show that there exists an X, [0,1] such that
Fo) =4 f )+ D+ @]

Let f :R — R be a continuous function. Show that f is a constant function if
a) f(x) isrational for each xeR.
b) f(x) isan integer foreach x€ Q.

Let p(x):R — R be a polynomial function of odd degree. Show that p is onto.

Let f,g:[0,1] - R be continuous such that
inf{f (x):xe[0,1]}=inf{g(x): x [0,1]}.
Show that there exists x, €[0,1] such that f(x;)=9g(x,) .

A cross country runner runs continuously an eight kilometers course in 40
minutes without taking rest. Show that, somewhere along the course, the runner
must have covered a distance of one kilometer in exactly 5 minutes.

Let f :R — R be a continuous one-one map.
Show that f is either strictly increasing or strictly decreasing.

Let f :R —[0,%0) be a bijective map. Show that f is not continuous on R .

Let f :R — R be a continuous function.
a) Suppose f attains each of values exactly two times. Given:
f(x)=f(x,)=a forsome x,x,,a R, and f(x,)>ca for some
X, €[X,X,]. Show that f attains its maximum in [x, X,] exactly at one point.
b) Using (a) show that f cannot attain each of its values exactly two times.
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Differentiability and Rolle's Theorem
(711 vavn mnn)

Questions

1)

2)

3)

4)

5)

6)

7)

8)

Let f:(-1,2) > R be a twice differentiable function such that f"(0) >0.
Show that there exists ne N that f (%) =1.

Let f be a differentiable function on R such that f(0)=f(1)=0, f'(0)>0
and f'(1)>0.

a) Show that 36 >0 such that f(x)<0 on (1-9,1).

b) Show that 3c,,c, €(0,1) such that c, #c, and f'(c)) = f'(c,) =0.

Let f:(0,1) > R be thrice differentiable. Suppose f(%)=0 forall neN. Show
that there exists x, € (0,1) such that f"(x,)=0.

Give an example of a function f :R — R which is differentiable only at x =1.

Let f :R —> R be differentiable at X, € R.
a) If f(x,)=0, show that | f | is also differentiable at X, .
b) If f(x,)=0, give examples to show that | f| may or may not be

differentiable at X, .

Let f,g:R — R be differentiable at x, € R . Define
h(x) = max{ f (x), g(x)} VxeR. Show that if f(x,)#=g(x,) then h is

differentiable at X, .

Let f:R — R be differentiable at x=1 and f (1) =1. Show that if k e N then
!]ilpon[f(1+%)+ fl+2)+..+ f(1+%)—k:|=&;1) f'@).

Let f :[0,1] > R be differentiable and f(0)=0 and f(1)=1.
Show that the equation f'(x) =2x has a solution on (0,1) .
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9) Let f:[a,b] > R besuchthat f"(x) exists forall xe[a,b].
Suppose that f(a)= f(b)=f'(a)= f'(b) =0.
Show that the equation f"(x) =0 has a solution.

10) Let f,g:R — R be differentiable functions. Suppose that
vxeR, f'(x)g(x)= f(x)g'(x) . Show that between any two roots of f , there
exists at least one root” of .
“Recall: a root of f isa solution of f(x)=0.

11) Let f :(0,0) > R satisfy f(xy)= f(xX)+ f(y) VX,ye(0,).
Suppose that f is differentiable at x =1.

Show that f is differentiable at every x e (0,) and f'(x) =%.

Hint: first show that f(1)=0 and f(3)=f(x)—f(y).

12) Let p(x) =a+bx+cx’. Find all values of a,b,c e R for which the function
p(|x[) is differentiable at 0.
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Mean Value Theorem, L'Hopital's Rule
(Va2 2201 'TAakA? vawn)

Questions

1)

2)

3)

Does there exist a differentiable function f :[0,2] > R satisfying
f(0)=-1 f(2)=4and f'(x)<2,forall xe[0,2]?

Let f:[0,1] — R be differentiable such that | f'(x)| <1 forall xe[0,1].
Show that there exists at most one € €[0,1] such that f(c)=c.

Let f: R — R be differentiable such that for some az € R, | f'(X)| < <1
forall XeR. Let & € R and define a sequence (a,) recursively by
a,,, = f(a,).Show that (a,) converges.

4) Let f:[0,1] > R be twice differentiable.
Suppose that the line segment joining the points
(0, f(0)) and (1, f (1)) intersect the graph of
f atapoint (a, f(a)), where O<a<1. :
Show that there exists X, € [0,1] such that | \/
(%) =0.

5) Let f:[0,1] > R be continuous. Suppose f is differentiable on (0,1) and
lim f'(x) =L forsome L € R. Show that f'(0) existsand f'(0)=L.
x—0"

6) Let f:[0,1] > R be differentiable and f (0) =0. Suppose that
| f'(x)| <| f ()| forall x[0,1]. Show that f(x)=0 forall x<[0,1].

7) Let f :[0,00) > R be continuous and f (0) =0. Suppose that f'(x) exists
forall X € (0,00) and f' isincreasing on (0,0). Show that the function
9(x) =™ is increasing on (0,0).
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8) Leta>0andf:[a,b] >R be differentiable. Using Cauchy’s mean value

f'(c) _ f'(c,)
-2,

theorem™, show that there exist C;,C, € (a,b) such that

JT®)-f@ _fo)

., a<c<b
g(b)-g@ g'(c)

9) Let f:R— IR besuchthat f"(c) exists at some C € R. Using L'Hopital’s

rule, show that Ihlng fc+h)-2 LEC) + f(c—-h)

= f"(c) . Give an example

where the above limit exists but f”(c) does not exist.

10) Let f :[a,b] > R be differentiable. If f'(x) =0 forall X €[a,b], show that
either T'(xX) >0 Vxe[a,b] or f'(x) <0 Vxe[a,b].

11) Let f :[a,b] > R be differentiable and let & € R be such that
f'(a) <a < f'(b). Define g(x) = f (X) —ax forall Xe[a,b].
a) Show that there exists C €[a,b] such that g'(c) =0.
Hint: prove by contradiction, noting that g’(a) <0 and g'(b) <O.
b) From the above, conclude that if a function f is differentiable on an
interval [@,b], then ' has the Intermediate Value Property on [a,b].

12) Let f be differentiable on [a,b] (2 <Db). Show that there exist
C,,C,,C; € (a,b) such that c, = ¢, and f'(c,)+ f'(c;)=2f'(c).

13) Suppose f :[0,1] — R is continuous and Jj f()dt =1.

a) Show that there exists C € (0,1) such that f(c)=1.
b) Show that there exist ¢, #c, in (0,1) suchthat f(c,)+ f(c,)=2.

14) Let f :[0,1] > R be such that ‘f’(x)‘ <10 forall x€(0,1) and let (x,) be
a sequence in (0,1) satisfying the Cauchy criterion. Show that the sequence

(f(x,)) converges.
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15) Let f :[0,1] —[0,1] be such that f'(x) <0 forall X €[0,1]. Show that there
is one and only one € €[0,1] such that f (C) =c?.

16) Let f:[0,]] >R and &, = f(%)— f (ﬁ), n=12,...
Show that:

a) if f iscontinuous, then z:zlan converges;

b) if f isdifferentiable and | f'(X)| <1 ¥x &[0,1], then

Z;an (cosn)+/n converges.

378 WWW.GOOL..cO.il 95 103291 1T 110702 N1 )1NaY
© NMMPO N — N9 AN




38 P79 th L AYN - OTPNN MININN NN

Power Series, Taylor Series (m2»v v mprn M)

Questions

1) Answer the following sections:
a) Let f:[a,b] >R besuchthat f"(x)>0 forall Xxe[a,b].

Suppose X, €[a,b].

Show that for any X €[a,b] f(X)> f(x,)+ f'(X,)(X—X,)-

l.e., the graph of f lies above the tangent line to the graph at (X,, f (X,)).
b) Show that COSY —COSX > (X—Y)sinX forall x,y e[Z,%].

2) Let f:(a,b) > R be infinitely differentiable and let X, € (@,b). Suppose that
there exists M > 0 such that ‘ f‘”)(x)‘ <M"forall neN and x €(a,b).

Show that Taylor’s series of f around X, convergesto f(X) forall X €(a,b).

3) Let (a,) be asequence of nonnegative reals and suppose that (an%) isa

bounded sequence. For each n, define A, :SUp{ak% ‘k>n}.
(A,) converges since it is decreasing and bounded below (by 0).
So A, —> L forsome L>0.

a) Show that if L <1, the series Z;an converges and if L >1 the series

diverges.

. . o0 1
b) Show that the radius of convergence of the power series anlanxn § E
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